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1 GRADIENT DESCENT

Optimization problems can be divided into minimization and maximization categories,
and maximization problems can always be transformed into equivalent minimization problems.
Therefore, in the following text, we will focus on minimization problems. Gradient descent is
an iterative optimization algorithm used to find the local minimum of a function. It gradually

approaches the minimum point by moving in the opposite direction of the function’ s gradient.

1.1 EQUIVALENT PROBLEMS
First, let us prove some lemmas about monotonicity.

ProPosITION 1 Order Preservation of Strictly Monotonic Functions If f is a strictly
increasing function, then
x1 <xp < fx1) < fx2)

That is, when the output strictly increases, the input must strictly increase.

Proof. (—) This is the definition of strictly increasing, x; < x5 = f(x1) < f(x)

(«—) By contradiction, if x; > x, then f(x;) > f(x3), which is a contradiction. |

PRroPOSITION 2 Strictly Monotonic Function — Injection If f is a strictly monotonic

function, then f is injective. That is,

x1 = xy & f(x1) = fxz)

Proof. (—) This follows from the definition of functions.
(«—=) We need to prove injectivity. Taking f strictly increasing on X as an example. Let
x1, %y € X, f(x1) = f(x3). Suppose x; < x5, then by strict monotonicity, x; < x, = f(x;) <

f(5;), which is a contradiction. Similarly x; % x5, therefore x; = x,. |

PRroPOSITION 3 Strictly Monotonic Functions Preserve Extreme Points Let Y C R, f:
X — Y be an arbitrary function, and g : Y — R be a strictly increasing function. Then g o f

and f have the same extreme points. Conversely, they have opposite extreme points.

Proof. By the lemma, we know x; < x5 < g(x;) < g(2) Thus for some point x* € X, 36 >
0,Vx € U(x*,0)

F&) < fx) & g(f(x™) < g(f(x))
This proves that a minimum point of f is also a minimum point of g - f, and a minimum point
of g o f is also a minimum point of f. |

Based on this, for the optimization problem
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arg min f(x)
it always has the same solution as arg min g o f(x), if g is a strictly increasing function. Or

argmax g o f(x), if g is a strictly decreasing function.

(J EXAMPLE 1

Consider an interesting matrix optimization problem that demonstrates the equivalence of
different objective functions under monotonic transformations.
Let X = (xij)

all j (where c is a constant).

. . . . n
be a non-negative matrix with column sum constraints: ),;_; x;; = ¢ for
nxn =171

Define two objective functions:

n
fix) = ZEL%
Zi#:j Xij
(diagonal elements / off-diagonal elements)
n
fux) = 21
Zi,jzl Xij

(diagonal elements / all elements)
Due to the column sum constraint, the total sum of all elements is: ).
Therefore: f5(X) = (Z?zl x;1)/(nc)
The sum of off-diagonal elements is: 3, ; x;; = nc — PR
So: f1(X) = (Xizy %)/ (ne = Xl %)
Key Observation: Let s = Y, ; x;;, then:
* fa=s/(nc)
« fi=s/(nc—s)

These two functions have a monotonic relationship: f; = f,/(1— f5)-1/n

n p—
i,j=1%ij = nc

Since f; is a strictly increasing function of f, (in the range f, < 1), we have:
The optimization problems max f;(X) and max f»(X) are equivalent and have the same

optimal solution.

|

1.2 UNCONSTRAINED CASE

R" is the n-dimensional Euclidean space. x € R", f : R” — R is a differentiable function.

Finding the minimum point and minimum value of f is the optimization problem

min f(x)

x€R”
The iterative equation is
Xjer1 = X — aV f(x)
where the step size « is a positive number that determines the update magnitude at each

iteration. V f(xy) is the gradient of function f at point x. The algorithm’ s goal is to make
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x; — x* as k > co where x* € arg min f(x). that is to say, x* is a minimum. The pseudocode

is as follows:

Input: initial point x;, step length a > 0, tolerance ¢ > 0, max iterations N
Output: x*

1k«0

2 while k < N

35| &< VSfx)

4 Xpt1 < X — A8k

5 if f(xr41) < ¢ then

6 return x4

7 k—k+1

8 return xi

Algorithm 1 Pseudocode of Gradient Descent

Let us look at an example

min (1, x2)
(x1,x2)ER2f b

where f(x;,x;) = x? + x1x, + x5. First, we know through analytical methods that for

x1, % €ER

X1
X2

>0

—_— DN =

xlz + x1%9 + xzz = (%1, x7)

N—= =

Equality holds if and only if x; = 0, x; = 0. Therefore, the minimum value 0 is achieved at

the origin. Next, we use gradient descent to solve this.

X1 _ le + X9
vf|:)Q:| - Z.X'Z + xl]
[xl] — [xl] —a 2x1 + X9
X2 ) jt1 X2y 2xy + X1 |1

We set the initial condition as xy = (1.0, 2.0)T, step size o = 0.1, and stopping condition
as f < 10720, After 212 iterations, the function value reaches 9.925765507684842e-21. The
trajectory left by each iteration in the feasible region is shown in the figure below. The black
solid lines in the figure are the contour lines of function f, and the arrows indicate the gradient
field. The coloring indicates the magnitude of the function value, with darker colors representing
larger function values. The red points represent the positions updated at each iteration, and the
connecting lines are the iteration trajectories. It can be seen that each iteration moves opposite
to the gradient direction with step size proportional to the gradient magnitude, and the iteration
points gradually approach the origin—the theoretical minimum point.

When we increase the step size to 0.4, after 44 iterations, the function value reaches
7.503260807194337e-21.

When we increase the step size to 0.5, after 35 iterations, the function value reaches

5.929230630780102e-21.
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If the step size is increased to 0.6, it leads to divergence. Therefore

Function f(x1,X2) = x12 + X1X2 + X22 with Gradient Field

-~ o = 0.1 path
e Starting point

X2

-1 T T T —b

-1 0 1 2 3
X1

B 3 Gradient Descent Visualization

It is not difficult to see that the iteration speed is related to the step size, which can lead to

divergence. Therefore, we need to choose an appropriate step size to ensure convergence.

1.3 CONSTRAINED CASE

When dealing with constrained optimization problems, we need to find the minimum of a

function f(x) subject to constraints. The general form is:

min  f(x)

xeR?

subjectto gi(x)<0,i=1,2,...m
hi(x) =0, j=1,2,..,1
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For constrained problems, we cannot simply move in the negative gradient direction as this
may violate the constraints. Instead, we need to project the gradient onto the feasible region or

use penalty methods.

1.3.1 PROJECTED GRADIENT METHOD
The projected gradient method modifies the standard gradient descent by projecting each
iteration onto the feasible set C:
xjer1 = He(x — aV f(x)
where Iz denotes the projection operator onto the constraint set C.

The pseudocode for the projected gradient method is:

Algorithm Projected Gradient Method for minimize f subject to x € C

Input: initial point xy € C, step length a > 0, tolerance ¢ > 0, max iterations N

Output: x*

1 k<0

2 while k < N

3 8k < V f(xx)

4 Yi+1 < X — o8k
5 X1 < He(Yk+1)
6 if f(xg,1) < € then
7 return x|

8 end

9 k—k+1
10 end
11 return xj

1.3.2 ExAMPLE: LINEAR CONSTRAINT

Consider the optimization problem:

min X1, X
o J (e, x2)

subjectto x5 =1
where f(x;,x;) = x¥ + x1x, + x% (same as the unconstrained case).
The feasible set is the line C = {(x, x3) : x5 = 1}. The unconstrained minimum (0, 0) is not
feasible, so we expect the constrained optimum to lie on the constraint.
The gradient is the same as in the unconstrained case.

For the linear constraint x, = 1, the projection operation onto the line is:
e(y) = [)11]

Algorithm implementation:


https://uwni.blog/posts/optimization/gd/
https://uwni.blog/posts/optimization/gd/

24 %

2x1 + %y
2x9 + X1

[l el Bzl

We demonstrate the algorithm starting from the same initial point as the unconstrained

case:

We set the initial point as x; = (1.0, 2.O)T, which lies off the constraint. The algorithm first
projects this point onto the constraint x, = 1, resulting in (1.0, 1.0). After 1000 iterations, it
converges to the constrained optimal point with function value 0.75.

The visualization below shows the optimization trajectory and the projection process. The
black line represents the constraint x, = 1.

For all iterations, the visualization shows (with later iterations becoming more transparent):
« Red arrows: gradient steps —aV f(x;.) from current point to unconstrained update
« Orange dotted lines: projection steps from the unconstrained update back to the constraint

This clearly demonstrates how the projected gradient method alternates between taking
gradient steps and projecting back to the feasible set. The gradient arrows show both the
direction and magnitude of the descent step, while the projection steps ensure feasibility. The

path successfully reaches the constrained optimal point (—0.5, 1.0).
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Constrained Optimization: f(x1,X2) = X12 + X1X2 + X22 subject to x> = 1

3
— Constraint: x2 = 1
@ [teration points
e Starting point
* Constrained optimum
2 -
x 17
0 -
-1

X1

B 4 Constrained Gradient Descent Visualization

1.3.3 PENALTY METHOD
Another approach for handling constraints is the penalty method, where we convert the

constrained problem into an unconstrained one by adding penalty terms:

m 9 I
min L(x, p) = f(x) + p max(0, gix)) + P Y, hix)
. =

i=1

where p > 0 is the penalty parameter. As p — oo, the solution of the penalized problem

approaches the solution of the original constrained problem.

1.4 CONVERGENCE

Next, we rigorously analyze the convergence of gradient descent.
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1.5 CoONVEX OPTIMIZATION

If the optimization problem is convex, then gradient descent can guarantee finding the

global minimum. The definition of a convex function is: for any x,y € R" and A € [0, 1], we have

fAx+ (1 =A)y) <Af()+ A= Df)
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21 XKIERH

KIERE Un) BIRALE M, (C) EHITFIRIE

2.2 RIEMANNIAN 1EE

Riemmannian #4E 2 Euclid #ELEYIZEE] LR, & f 2 f MR ZEHEFDGEE
h, Projr_a MEWYIZEH T, M HIIERSR, M
grad f(x) = Projr_a(grad f(x)).
DIAIETRE M =U =Um) ): Y)ZE[E 72K Hermitian /5[]
T, U ={xz|z" = -Z}
(Z WU Hermitian EFF, REATINIT), HERE (xA: A = 4], TREBHN
grad f(x) = x skew(xH grad f(x)), ~skew(A) = %(A — AH),

Al grad f(x) JE40 xZ, 1E2 NHE BRI R A.

2.3 [EE

DEFINITION 1 [T FRTE M I RHRUE G e st
TM > (x,v) » R, (v) e M
HHEREHLZ ct) =R, (tv) B
c(0)=x
c(0)=v
WAL EUE, BEHRCRETEIRE M BRI x FIYI22E T, M _EFIR o BT BRI,
{BELRUEY]ZE A H AR RIRE ¢ — toiashi, [EHERE B c@) = R (o) FERER =0
WI6E v TR x . MR TR A R, SR AR R AMESRITF IR T Il 2k,
32075 3 HE SSORE A v e A Pt R8T S [ Rl S
O ExampLe 2 ARG EATHEELEHE
KIETRIE LHIES x e M =U(n). HYJFI&E ve T, M. Um) LM v =xQ, &
Q= xHy (QH = —Q)

= x, v IEFH B K Hermitian #5F% (Riemannian 5/ grad f(x) = x skew(xH grad ?(x))
AR — IR RAHTF) . Bbs: WiEUSE e R IME—HZER, & x HOEN v
W R R c(r).
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R BESR c(0) = xu ¢/(0) = v = c(0)Q. FIZARIRIRE R G, iR 58ps
WRR—2% /(1) = c(®)Q. SR —AME A R 5
gc’(t) =c(t)Q
c(0)=x
LM — R AR R
c(t) = xexp(tQ).
SEFEIE ISR L. 5 P@) = c®)e), N

P'(t) = O e(t) + e’ (1) = QPP + PQ,
EP=1%o"+Q=0, HP=1I HElct) REAILE.
Sl AT )
R, (xQ) = ¢(1) = x exp(Q),
DYjia g v i HAREEN

R,(v) = xexp(va).

a
SR EAR AR o B RTIHLR. (EHEE S (RO R R AR
HE| “liR — a5 “HEREL" P, b U2 HEe.

=]
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